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The Poisson geometry of a discrete string in three dimensional Euclidean space is investigated. For 
this the Frenet frames are converted into a spinorial representation, the discrete spinor Frenet equa¬ 
tion is interpreted in terms of a transfer matrix formalism, and Poisson brackets are introduced in 
terms of the spinor components. The construction is then generalised, in a self-similar manner, into 
an infinite hierarchy of Poisson algebras. As an example, the classical Virasoro (Witt) algebra that 
determines reparametrisation diffeomorphism along a continuous string, is identified as a particular 
sub-algebra, in the hierarchy of the discrete string Poisson algebra. 


A continuous curve in the three dimensional Euclidean space R 3 is a classic subject of differential geometry [lj. The 
study of curves in R 3 is similarly pivotal in physics where plenty of breakthroughs come with strings attached. This 
includes in particular topics that relate to the theory knots Q such as topological Chern-Simons theories Q, knotted 
solitons Q and exotic exchange statistics [EJ. In the present Letter, the Poisson geometry of a discrete string in 
ambient R 3 is studied. In particular, a novel infinite dimensional, self-similar hierarchy of Poisson bracket algebras is 
exposed. Such a hierarchy is important, for example in the construction of integrable Hamiltonian models of discrete 
string dynamics 00. It also facilitates the numerical study of continuous strings e.g. on a discrete lattice. Moreover, 
the concept of a discrete string is a most useful one to aspects of computer graphics, virtual reality and robotics [8, H]. 
Discrete strings also model polymers 0, including biophysical ones from DNA to proteins [Tl| - [l4| . 

Our starting point is the description of a discrete string in terms of an open and oriented, piecewise linear polygonal 
chain r(s) £ R 3 [l5j. The arc length parameter takes values on s £ [0,L] where L is the total length of the string. 
The vertices Di that specify the string are located at the points = (ro,... ,r ra ) with r(si) = r i\ the endpoints of 
the string are r(0) = ro and r(L) = r„. In addition, the distance of the nearest neighbour vertices T>i and T>i+i is 

Id+ 1 D| ^i+1 t>i . 


Therefore, the nearest neighbour vertices are connected by the line segments 

S ~ Sj|i 


/ \ s 

r(s) = --— r»+i 


(Si < S < Sj+l). 


Sj-l-1 Si Si 

The unit length discrete tangent vector t; =(ti,t l 2 ,t l 3 ) that points from vertex Dj to vertex Dj + 1 is defined as 


t,; 

Thus, the vertex T)^ is located at a point 

Tfc = 

We are interested in the Poisson geometry and the ensuing algebraic structures that can be associated to such a 
three dimensional discrete string. In lieu of the traditional approach which is based on the discrete Frenet frames in 
terms of the tangent, normal and binormal vectors, we utilise a two component complex spinor description, with the 
spinors supported along the string 0. Then the discrete Frenet equation becomes a two component spinor Frenet 
equation [7|. Such a spinor based representation of the discrete string geometry has already been found to have 


P+i - r j 

|r i+ i - d| 


k -1 


X Id+i -d| t i. 
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various conceptual and technical advantages, including the relations between the time evolution of the discrete string 
and known integrable equations. For more details, see Ref. [7]. 

We proceed as follows: To each link from vertex T>i to vertex Dj +1 we associate a two component complex spinor 


ipi = 



(3) 


where the z l a (for a = 1,2 and i £ /Z) are complex variables with support on the link. The spinors are related to the 
unit length tangent vectors by 


s/glti =< > . (4) 

The <7 = (cr 1 , er 2 , a 3 ) are the standard Pauli matrices and 

v^=KI 2 + l4 2 (5) 

is a metric scale factor. Explicitly, 





( 2 44 \ 

\z[z{ - z l 2 z l 2 ) • 


( 6 ) 


Together with m this determines the spinor components ( z \, z 2 ) in terms of the vertices T>i , up to an overall phase. 
In addition, for each i the conjugate spinor ipi is defined by introducing the charge conjugation operation 6 that acts 
on ipi in the following way 


Observe that 


= -icr-zipt = V’i 



e 2 = -i 


and that the two spinors are orthogonal since 

>= o. 


(7) 


We combine the spinor components into a 2 x 2 matrix as follows: 


so that 



( 8 ) 


Our main observation is, that in the case of an infinite number of vertices Di this leads to an infinite hierarchy of 
spinors and ensuing discrete strings and Poisson algebras. Iteratively, and in a self-similar manner; for a finite number 
of vertices we obtain a finite dimensional sub-hierarchy. 

To expose the hierarchy together with its self-similar structure, we start by defining a four-component spinor 
obtained by combining the two spinors into a Majorana spinor 


'F i = 



(9) 


Indeed, under conjugation by C this four component spinor transforms according to 




C’Pi 


—i(T 2 'I'* 




where the Pauli matrices a a (now) act in the two dimensional space of the spinor components of ’F i . In terms of these 
Majorana spinors, the original discrete spinorial Frenet equation takes the following form 


'Fi+i = U^i. 


( 10 ) 
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Here lAi is the ensuing transfer matrix, in the chain of spinors H/i. The self-similar structure emerges when we 
parametrise Hi exactly in accordance with (|5|). That is, by setting 


U - Z 2 

~ 1-^2 

Then a relation between the variables (z{, z 2 ) and (Z[, Z 2 ) is obtained from (fTOl) since 

\fgl Ui = 

This implies that 

Vaiz\ = 


Vaizi = 


Zo — Z<-, 


For each pair of indices (/c, l) we introduce the variables W*' 1 and W^ 1 as 

w *■' = f z k z[ + z k z l 2 
W k ’ 1 d = f z k z l 2 -z k z[, 


so that in particular, 


W. 


i+l,i 


i+l,i _ 


= V9lZ[ 
= Valz i 2 . 


(ii) 


( 12 ) 


(13) 


(14) 


Note that the variables (Z[, Z 2 ) are the initiator variables of our self-similar hierarchy, i.e. they are the 
variables of the hierarchy. The variables z\ and z 2 comprise the second level variables. The next level of 
then emerges when, in analogy with (1131) and (H4l) . we proceed by setting 

vq~a = ?i +1 A+?2 +1 ii = 

V&4 = 3l +1 32-32 + Vi = w? 1 '* 


first level 
hierarchy 


(15) 


where the metric scale is 


= I3i| 2 + l3l| 2 . 

In analogy with (O, we then introduce the two component spinors 



which are combined into the following four component Majorana spinors (in accordance with (f!?j)): 

* = (t) ■ (16 > 

In a self-similar repeat of the previous construction, the Majorana spinors (fTUl) are then related to each other by an 
equation that has the transfer matrix form 


1 — UiXi 


(17) 


where u,; is defined in ©. In analogy with (fl^l) , this is the second level transfer matrix which implies that 


— Xi+l%i ■ 

The aforementioned construction can be extended to higher levels, in a straightforward self-similar manner. In this 
way we obtain the following infinite self-similar hierarchy of variables 


Zl 


(a = 1,2), 


(18) 


4 


mapped onto each other by the ensuing transfer matrices lAi, Uj, Oj,... as in GOD- (113 and so forth; note that the 
transfer matrices always have the same functional form ©. m in the respective variables. 

Therefore, for each set of variables in the hierarchy, we can introduce the corresponding piecewise linear discrete 
string. For this we use the ensuing relation © between the variables and the tangent vector of the corresponding 
string ©. For example, in the case of the Z* (similarly to ©) we have 

T( + iT^\ ( _ 2 Z[Zi 
. T i ) ~ \2\Z{-Z\Zi 

with the metric scale given by 

\fGi = \ZH 2 + \Z\\ 2 



while the vertices of the corresponding string are located at the points 

k -1 

R fe = Y, |R’+! - Ril • Ti- ( 1Q ) 

2=0 

We also note that the entire hierarchy of strings can be framed, in a self-similar manner, using the following procedure 
at each level of hierarchy: We recall © to introduce the matrices 

u” 1 ^ Uj = t* • er = t* 

u“V±Uj = ^u ; '^(rr l i ia -2 ) u, = e!j_ • <j = e±, 

in terms of the transfer matrix iq. These matrices obey the su(2) Lie algebra 

[t\e l ± ] = ±2e4, [e\,el}=i\ (22) 

The (t l ,e!|_) then define a generic right-handed orthonormal frame at vertex 2);. A frame rotation that leaves t l 
intact, acts by a hi £ U(l)c SU(2) multiplication of iq from the left. That is, by letting 


( 20 ) 

( 21 ) 


u, A hi*, hi = e*™. (23) 

we have 

t 1 U; 1 hf^rr-jliiUj = t l (24) 

e!j_ -%■ u ~ 1 h~ 1 a ± h i u i = e ±2vpi e % ±. (25) 

Analogous relations can be introduced, for all levels of the hierarchy, in terms of the ensuing transfer matrices. 

We now proceed to reveal our infinite self-similar hierarchy of Poisson algebras, defined in terms of the symplectic 
structures of the variables in the hierarchy. To start the construction, we impose the following Poisson bracket at the 
second level of the hierarchy: 


{z 3 a ,z &} = iu(k)6 3 a l. (26) 

We assume that all the remaining brackets between the ( z l a ,z 3 h ) variables and their conjugates vanish; this clearly 
defines a symplectic structure, for the local coordinates (z l a ,z 3 h ). Note that, for the canonical Heisenberg algebra 
u>(k) = 1 and for the components © of the tangent vectors, the Poisson brackets are given by 

= ^bc6 ij yfglf c . (27) 

The self-similar structure then gives us an infinite hierarchy of Poisson algebras, as follows: We simply substitute 
the ensuing variables in the hierarchy, into the Poisson bracket relation such as (OBI) which is expressed in terms of 
the preceding variables in the hierarchy. This yields the brackets between all the variables at all levels of hierarchy, 
order-by-order. Let us consider, as an example, the algebra that we obtain for the variables defined by the equations 
(d; note that for this, we have to proceed in the opposite direction, from the second level down to the first. It is 
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straightforward to show that the (only) non-vanishing brackets of two variables ( 1141 ) . when located at the same site, 
are given by 

{W? +I > i ,wj +1,< } = i{u(i)y/g^-u(i + l)y/gt) (28) 

= i(io(i)^g-^ + ca(i + l)^). (29) 

Note that (E51) vanishes when 


u{i + 1) _ Vffi+i 
w(i) y/gi 

In addition, (0H1) becomes the Heisenberg bracket when 

w(*) \/9i +1 + + 1) y/Wi = 1 - 

Furthermore, for a pair of variables (1141) which are located at different sites (not necessarily nearest neighbour) the 
only non-vanishing brackets are the following ones 

{\V k ’ 1 , W™’ 71 } = iuj (k) S km Wf’ 1 + ico ( l ) S ln W™' k - ioo{l) S lm Wf’ k - iw(jfc) 5 kn W™’ 1 

\\V k ' , WT’ 71 } = iu> (, l ) S lm W k ’ n - iu (jfe) 5 fcn WT’ Z 

{tV 2 m , WT’ 71 } = iuj (jfe) <5 fcm lV 2 n ’ z + ico (/) a ,7 "W 2 fc ’ n , 

together with their complex conjugated brackets. This is the Poisson algebra, at the first level of the hierarchy. 

Observe that by definition, due to (HU), the W k ’ 1 (for * = 1,2) satisfy the following identities 

w k,i = w*-* = _ W kk_ ( 30 ) 

Let us finally show how to identify the classical Virasoro generators in terms of these variables. For this we assume 
that the chain is infinitely long. We introduce the combinations 

oo oo 

= & £n = i£*2 fc *2~ n > (31) 

k ——oo k ——oo 

where k £ Z. Then the Poisson brackets of the are given by 

OO 

{L*, L b m } = iJ2 Hk - m) - - n)\ z k z k - m ~ n S ab . 

k ——oo 

By setting ui(k) = k we find that the variables satisfy the classical Virasoro (Witt) algebra. That is, 

{L a n ,L b m } = i(n-m)S ab L a n+m . 

We also note that 

OO 

Ll + Ll = i W k ’ k ~ n . 

k =—oo 

Thus, in the infinite hierarchy that we have constructed in terms of discrete strings, we have found the algebra of 
reparametrisations of continuous strings, as a sub-algebra. Moreover, we have the following sub-algebra structure 

\L\ + L 2 n , W k ■'} = -co (k) W k+n ’ 1 + to (0 W? ,l ~ n 

{L\ + L 2 n , W k ’ 1 } = w (k) W k ~ n ’ 1 + w (0 W k ’ l - n . 


In summary, we have employed the spinorial formulation of a discrete string in combination with the formalism of 
discrete Frenet equations to derive an infinite algebraic Poisson hierarchy. As an example, we have shown that the 
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structure of classical Virasoro (Witt) algebra of continuous strings becomes embedded in this hierarchy. The structure 
we have revealed, forms a basis for studying the Poisson geometry of discrete strings which is the starting point for 
constructing integrable structures that model their dynamics in R 3 . 
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